
4 2 Nilpotent ha algebros and Gegraupa

Nilpotent ha algebroo and he granpa play
a fundamental role in the structure

theory

Our focus in this section will be on

nilpotent ha algebroo We will shortly
indicate the relationship with nilpotent
ke groups of the end

Most proofs will be omitted Often they
are omologono to the proof of the
Corresponding statements in the solvable
cose

O

Lety be a ha algebra Let a and b be
subspaces of g Then

a b Linear Spom X y fa
b



Definition 4.33 Nilpotent Le algebra
A he algebra 9

in said to ha nilpotent if
there is a sequence

9 9 9,2 ogn 204

of subspaces such that gigi Cge 1
i r

Nota clearly the g s must be ideals in

9
Moreover if t

g 91g
io

the comomeal projection we have

a
check it

9g I Ji y
T 9,9 a gi

203
Hence gia

g
C Z

91g

As in the case of solvable Le algebran
we define for any

he algebra 91
C g g 9,9

and inductively C g g C'Fg izz



by o

Definition 4.34 Central series

C 1g e 71 io called the central series

of 9
A Key property of the central series is

the following

a C

egizi
e

9kg
Proportion 4.35
The following ore equivalenti

1
g

io nilpotent

2 C g
o for some r 1

3 ma 1 a t
od e e Ood Xm O

XI Xm 9



Sketch of proof
2 3 follows immediately from the
observation that

C'g is the linear upon of
adixa od n Y for
__ Tr Y E 9

Definition 4.36 Nilpotency length
If g s a nilpotent he algebro then
uil
g

min pra1 C g 403

Example 4.37

1 Any nilpotent ha algebra in solvable
This follows from the inclusions

C
g g for all K 1

2 n ERI E ghinita

is a nilpotent Le algebra
Indeed
c'in EH



and C'Cnl 402

Although there are solvable he algebras that
one not nilpotent we have

Theorem 4 38

A ha algebra g io solvable iff 914
is nilpotent

Remonk 4 39

let
g be

a nilpotent Le algebro with

mllg n Then C g 20 and
c g c 2

g
thanks to the Key property CI obove

In particulon if g io nilpotent and g 70
then tag 430

Key to the proof of Theorem 4.39 is the

following Cemmo of independent interest

Lemmo 4.40



Let hag be on ideal
1 g nilpotent h and gh onemlpotent

2 11 94 a mepotent and h CZ g then

9 in nilpotent

Remonk 4 41

let g ER and

ERY
Them g In and h one abelion in particular

they are nilpotent However g is not

nilpotent since t'g 203

Proof of Theorem 4.39

We only discorso the implication

Not that g 6
1 c c g

Honee of g io nilpotent g in solvable



We next turn to Engel's theorem which
is the analogue of he's theorem Theorem
4 32 for solvable ha algebros

Example 4 42

Commaleri

Y ER and

ER

Both hand a ore nilpotent L'e algebros
However while n is in strictly upper

triangular form there io no change of
born that would make a strictly upper
triangular

Theorem 4.43 Engel's theorem
Let g g gli V be a representation
of a Le algebra g

into a R vector

space such that g X io mepotenti
X
Eg Them there is a basis of L

with respect to which jig io strictly



is G
upper triangular

Note g x ghir being nilpotent
means that there exists h E IN such
that gia 0

We omit the proof of Theorem 4.43 and
discuss on important corollary

Corollary 4.44

A he algebro gia nilpotent iff
od g

10

strictly upper triangular with respect
to some bona

Proof
I If there io a bono of g such that
d'g cn 41 ER

then odig io nilpotent In addition
Ken od Zig by Corollary 3.106

Hence by Lemmo 4.40 2 g io nilpotent



If gia nilpotent then by Proportion
4 35 3 ad a io nilpotent txeg
The conclusion follows from Theorem 4.43

We and this section with a brief discussion
about nilpotent Ge groups

Definition 4.45

Given a group G and subgroups A BCG
we define
A B subgroup of G generatedby

aib at A DEB

Remonk 4 46

If A G and B o G then A BING

Definition 4.47
A group E io said to be nilpotent if
there io a sequence
G GONG Gr he
with G G Gi 1 ich



Clearly the above condition implies that
G _e a G 1 c n Moreover

the condition G G C Gi o

equivalent to

G C Z

As in the case of he algebros we can

define inductively

C G G G
Ci G G C CI 112

Definition 4.48 Descending control semen
C G is the descending central semen
of G

Lemmo 4.49

Gia nilpotent iff there in r 1 a f
C G he

With the very some method as in the

proof of Theorem 4 29 far solvable



t t
groups one con prove

Theorem 4 50

Let G be a connected ke group Then
the following ore equivalenti

I Gas nilpotent

2 There io a sequence of closed
connected subgroups

G Go G Gr he
with G G C Gi 1 ieri

37.9 Le G is a nilpotent Le algebra



4 3 The killing form and Canton's criterion
for salvobility

In this short section we bufly introduce
the killing form

and discuss its note
in the study of solvable he algebras
ma Canton's criterion

From now on 9 will be a 1K Le

algebra math K R on He C

Definition 4.51 killing form
The killing form of a K Cie algebra
io the bilinear form
kg gag

R

defined by
Kg xy tu od XI.de

The following invariance property is Key
for the applications

Proportion 4.52



kg od 7 X Y kg 011777 O
X Y 7 9

Proof
Recall ad 7 2,77 odi 7 7,7

Tg od 7 Y Kg od 7 Y
fa od 2 x odiy In Codex od 7,731
In od 77 od IN odCy tnfodlxfodlzl.at y1

to lodi 7 adIX odix taladilleadly
medley trlodixodixodia

tnfodlzl.de od Y 1 tnlodlX od1Y od171
nstaIAB tnIBA

0

Exercise 4.53

LetG be a connected he group with he algebn

9 Prova that

Kg Ad g AdiglY Kg X Y

for all g E G and XY E J



J

Hint compute the derivative with respect
to t of
Kg Asleep 7 Adlexptz Y

Theorem 4 54 Contonis criterion
A IK Lee algebra in solvable fondonly
if Kg1gal gia

0

We discuss only one implication The followry
lemmo will be important for us

Lemmo 4.55

Lat hog be on ideal Then kg nn_Kn
Proof
Let V be o ancor complement of him 9
so that g h to V

If we commden odg X hot h

Vthen.odge X Y Eh if E h

odg MY xD E h if YE V



g
aimee h is on ideal Note that being a

subalgebra would be sufficient for the

first conclusion
Henee odg X con be represented ora

N

h V

Therefore

Kg Xix ti Codglmodg Y
In lodn e adn Y
Knix

for all XD Eh

Proofof in Theorem 4 54

Assume that g is solvable Then by
Theorem 4.38 9 gig in nilpotent

By Corollary 4.44 od 1g io strictly
upper triangular with respect to some

bona Taking into account Cemmo 4.55

obove kg g g Kg 1 O aimee

8 9



J

4.4 semisimple Ge algebras and lie groups

Let or before 9 ha a he algebra over

K R on Ike C

Definition 4.56
1 gia simple if

a 4 io non obelion

b if hog them either 4 704 on

4 9
2
g

o semisimple if there one simple
ideals hai ha in g such that
as he algebras

ha hr

Thor means that it e IL fanand Y EI with li tieni

x.TT EI xi Xi

3 A connected he group is simple
respectively semisimple if its



ly
Le algebra in

Remonk 4.57

An abstract group E io simple if it

admits only
two normal subgroups

Gitself and he
We shall see that SICURI is a simple
he group However it is not simple on

on abstract group since 7 SCURI
4111

The fundamental characterization of
semisimpleerty is given bythe following

Theorem 4 58

9 io semisimple fond only if kg io

non degenerate
o

Recall a symmetric bilinear form C
V V K is sold to be
non degenerate if setting
rodCC Gv EV Cloir o ver



it holds rod C p
o

We will discusso one implication in the

proof For this we need the following

Lemmo 4.5.9

Let y ba e le algebra and hag be on ideal
Then
h Eg Kg X Y O Yeh
is on ideal 00 well

Proof
Let Zeg e ht E h Then

Kg od17 X Y kg 0011777 0

where we used Proportion 4 52 for
the first equality and the assumption that
his on ideal for the second one

Proofof in Theorem 4 58
Assume that

g g Agr with
Ii simple fin 1 ian



Then È Xi it holds

gia_ i

g
Hence kg XY EI kg Xi Yil Kxiyfg

Therefore it's sufficient to discuss the cose when

9 is simple check it

let gtrod kg 4Y Eg Kg x Y Okay
Then 9 is on ideali a 9 by Cemmo 4.59
Since 9 in simple either 9 20 on

9 9 If 9 9 then kg 0

hence
g a solvable by Contorta Theorem

4 54 a contradiction to simplicity
Here 91 403 i e kg io non degenerata

Next we discuss a powerful way to

produce families of semisimple lie

algebroo i



Theorem 4 60

Let V be a IK veaton spore endowed
with on inner product
if g Cgt V io a K ombelgebron
that is self adjoint under 7
and anch that 71g 203 then

kg io non degenerate and hence 9 a

semisimple

Note for A Egtv we Gt A'E

9th be defined by
Ar W v Aw Vin E V

Then if being self adjoint means that

Aeg it holds A Eg

We con exploit Theorem 4.60 to produce
a longe family of examples of semisimple
Le algebras

Example 4.61



Il stin R c glinik in invomantunder
A ta and Z sfinita 303

2 St n C c ghin 1 in invouant
under A F and Z slin 203

3 For pag n

pig E LINK È Jp Jpeg

where Jp p 0

0 16
invariant

under Indeed from

Jpg Jpg O we obtain by
multiplying on the left and on the

right boy Jpg that Jpg't Jpg0
since Jp Ian

One can also verify that 7 olp.gl 40

Ne conclude with same hunts towards
the so called Levi decompontion of
Le groups



Proposition 4 62
For
any he algebro 9 there is a

unique maximal solvable ideal 2cg
Moreover 4 7 in semisimple

Definition 4.63 Radical
The unique maximal solvable ideal from
Proportion 4.62 in colleal the Colvable
radical of g

For the proof of Proportion 4.62 we

need the following

Lemmo 4 64

If a and b ore solvable ideals in a he

algebra 9 then atb in a solvable
ideal

The proof of Lemmo 4.64 is left as on

exercise We discuss how to use it to

prove Proportion 4 62



Proof of Proportion 4 62

Inonder to prove existence and uniqueness
of the maximal solvable ideal it suffices
to exploit finite dimensionality and
Cammo 4.64

To than that 94 io semisimple me

first establish the following
Claim ga hao no solvable ideals

Indeed lat Tig 9 2
be the conomeol

projection and let h c 9g be a

solvable ideal Then a 4 9
is

on ideal Monoover t al L io

solvable and Kent a
is solvable being

contained in 2 Therefore a 10

solvable and hence ae 2 and 4 30

Next it is sufficient to observe that a

Le algebra with no non trivial
solvable ideals io semisimple



The proof io left on on Exercise

Hint prove and then use the following

Proposition 4 65
let
g be a direct sun of simple

ideals Then any ideal hag 10 of the
form h ie gi where TEI


